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Abstract
Particles inside a planetary ring are subjected to various forces like central force due to planet, forcing
due to moons, self gravity of the ring itself besides other forces like solar radiation drag, collisional
effects, Lorentz forces due to planetary magnetic field and charge deposited on the particle due to cosmic
rays, solar wind, etc. However, for particles of considerable size and mass, other forces stated above
become negligible in comparison to main forces, which are listed immediately below. We write down
the basic equations of motion of a particle in a planetary ring considering the planetary gravitational
effect, forcing due to the particular moon whose resonating effect is significant, and the self gravity
of the ring. It is observed that spiral bending waves suffer severe damping than is envisaged in usual
theoretical explanation. We investigate the nature of oscillations, after transforming equations of motions
to non-dimensional form using proper reference scales. A study of simple vertical oscillation shows some
center-manifold-like dynamical system. We also determine the amount of shear which is responsible for





The effective thickness at the outer edge of Saturn’s A -ring, as found from the oscillatory features of the
bending waves (Shu et al, 1983) after a fit of the ring profile comes out to be few tens of meters (Rosen
and Lissauer,1988; Rosen et al, 1991). In those calculations (Chakrabarti and Bhattacharyya, 2001;
Bhattacharyya and Chakrabarti, 2004), a new kind of shear was introduced which developed instanta-
neously as the particle proceeds with the damping bending waves. From that shear, it was possible to
calculate the damping length of the bending wave satisfactorily with some more accurate measurements
for effective thickness of the ring. Later, a method of calculation of coefficient of restitution was also
analyzed (Bhattacharyya and Chakrabarti, 2004).
We now provide a brief and selective review prior to our work. Simon and Jenkins (1994) performed
their analysis assuming a system having a dilute flow maintained by identical smooth spherical particles
free of frost. They assumed a symmetry about a equatorial plane (z = 0) and that there was no mean
motion normal to the mid-plane. They concentrated on the outer edges of the Saturn’s A ring system
and used parameters near 6 : 7 Lindblad resonance to obtain relations between granular parameters
and the coefficient of restitution and optical depth. They found that the coefficient of restitution to be
monotonically increasing with the optical depth. However, they could not provide the profile of the
bending wave.
Salo (1991) studied viscous stability properties of dense planetary ring system with numerical sim-
ulations. They confirmed the earlier results of Wisdom and Tremaine (1988) that for a standard elastic
model of icy particles the viscous instability is not expected for identical meter-sized particles, while for
denser systems with centimeter sized particles the possibility persists. They assumed that the particle
density is the highest on the mid-plane of the ring and considered that the force field was determined
by the central mass point resulting in Ω ∼ µ ∼ κ. This simulation may be applicable for Saturn’s E, F
and G ring, Uranian and Jovian rings. Later Salo (1992) obtained numerical simulations of collisional
systems with power law distribution of particle sizes varying from cm-sized to 10m sized and found that
the equilibrium geometric thickness of the Saturn’s ring to be around 25 m.
Schmidt et al (1999) investigated viscous oscillatory overstability of an unperturbed dense planetary
ring which may play a role in the formation of radial structure in Saturn’s B -ring. They extended the
modeling of Simon and Jenkins (1994) and compared Gaussian ansatzs which were used in Goldreich
and Tremaine (1978) and Araki and Tremaine (1986) with hydrodynamical ansatzs. They considered
enhanced vertical frequency which appears to flatten the disk and enhances collision frequency. That
simulation showed initial onset of overstability in the ring system leading to the development of radial
structure although no explanation was presented on the damping of the bending wave.
In the present paper, we study Mimas 5 : 3 inner vertical resonance (IVR) for estimating the nature
of vertical oscillation for bending wave and the damping, and some estimation of the coefficient of
restitution of the particles while they suffer collisions.

















X = X − X*
1
Y = Y − Y*
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Z = Z − Z*1
Figure 1: The coordinate system in the warped ring.
among shearing layers and no attempt has been made in this present study to include the cooling effects
due to poor understanding of physics. The collisional damping reduces kinetic energy and the degree of
vertical excursion. This is used at each radius to obtain the wave profile. We computed the coefficient
of restitution in the ring and found it to be close to unity, in near agreement with those of Simon and
Jenkins (1994) where the coefficient of restitution was found to be 0.9 for the same disk parameter. In
other words, we assumed elastic collision among the particles.
2 The Model Equations
We choose the right handed Cartesian coordinate system (X , Y , Z) at a radial distance r from the center
of planet with the origin located on the equatorial plane of the planet with X − Y plane coinciding with
this plane as shown in Fig. (1). The X -axis points radially outward and Y -axis points toward the
azimuthal direction. The frame is rotating around the planet with the local Keplerian frequency Ω(r).
Let the initial launching amplitude of the bending wave be  and the mid-plane itself oscillates up and
down with this amplitude. Let us consider another reference frame (X ′, Y ′, Z ′) oscillating with the
mid-plane of the disk be (x?, y?, z?). In the absence of the oscillation, these two frames merge.
A particle moving within the ring of thickness 2h can have a coordinate (x, y, z) in the (X , Y , Z)
frame while its coordinate in the (X ′, Y ′, Z ′) may be (x1 = x − x?, y1 = y − y?, z1 = z − z?).
The propagating wave possess an angular frequency ω. Now it is easy to write down the phase of the
mid-plane of the ring as φ? = kxx? + kyy? − ωt while the phase of the particle situated at any point P
(x, y, z) is φ = kxx + kyy − ωt, where kx, ky etc. are x− and y− components of wave vector k.
Therefore, one may write
x1 = (kx sinφ
?) z1 = kx sinφ
?z − 2kx sinφ? cos φ?,
y1 = (ky sinφ
?) z1 = ky sinφ
?z − 2ky sinφ? cosφ?
and z1 = z − z? = z −  cos φ?. (1)
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Also, the relation between the phases of waves and particles may be written as
φ = φ? + kx (x− x?) + ky (y − y?)
= k2 sinφ?z1, (2)
and cos φ ≈ cos φ? − z1k2 sin2 φ?, (3)
where, k2 = k2x + k
2
y . The vertical frequency of oscillation (ν) due to self gravity may be given as
ν2 = 4piGρ, where ρ is the density of the ring matter. Therefore, one may write the components of





+ 3Ω2x− ν2x1 −
(
Ω2 − ω2) 2kx cosφ sin φ?











Ω2 − ω2) 2ky cosφ sinφ?







= −Ω2z − ν2z1 +
(
Ω2 − ω2)  cos φ




To study dynamical properties of the system let us transform the equations of motion in to non-
dimensional form. Let us transform as x → hξx, y → hξy and z → hξz , where, ξα : α = {x, y, z} are





is non-dimensional quantity substituted for time t. Among other quantities, let us non-dimensionalize as
 → E.(2h), kx → KX , ky → KY , n1 = ω/Ω, n2 = ν/Ω and α → hk.
























sin2 φ? − n22
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sin3 φ? cosφ?, a4 = −
[














cos φ?, W =
[




We may assume that initially at T = 0, the particle might have position ξx = 0, ξy = 0 while ξz = 
where  is the amplitude of the spiral bending wave during its launch. At this initial instant, the particle
may have velocity components as ξ˙x = ξ˙y = ξ˙z = 0.
3 Result
Let us first consider the physical parameters taken in the system. We consider that the amplitude of the
bending wave at the instant of its launching due to Mimas is about  = 1 km at a resonance distance of
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Figure 2: The variation of W1 with parameter T .
about Rv = 131899.8 km while the time period of Mimas is about 81424.8 secs as may be consulted
with Gresh et al (1986).
Let us initially consider the Eq.(9) and write it in terms of two first order equations as:
z1 = ξz,
z˙1 = z2, (11)
z˙2 = a4z1 + (a3 + a5), (12)
which is equivalent to Z˙ = AZ + B. In the reference (Chakrabarti, 1989) has already discussed that
particle dynamics is totally independent of the phase φ? and hence it is clear that our result will be
independent of values of φ?. Next, if we consider the case for φ? = 0, we get eigenvalues for the matrix
A as λ1,2 = ±
√
a4. Let us now consider a transformation T such that
W = Tz, (13)
where, T is some non-singular matrix of rank equivalent to matrix A. Then we can easily write
W˙ = TAT−1W. (14)















Hence, we may easily write the TAT−1 matrix as
TAT−1 =
[














Figure 3: The variation of W2 with parameter T .









Figure 4: The trajectory configuration in phase-plane.
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Figure 5: The trajectory configuration in phase-plane for ξz(T ) vs ξ′z(T ). The bold line which starts from
the X -axis corresponds to start of journey in the phase plane which physically means that the particle
sets off from a height of  above the mid-plane of the ring which is the amplitude of the bending wave at
the launch of the wave by satellite, initially.
Therefore, we may write down the solutions for the two eigenvalues λ1 and λ2 in the W -plane as
W1(t) = [W20 cos 5.16349 t + W10 sin 5.16349 t] (17)
and W2(t) = [W10 cos 5.16349 t −W20 sin 5.16349 t] , (18)
where, W10 and W20 are initial conditions. But, as we have stated that we have assumed that initially
particles were at z =  and hence using Eqs.(13) and (15), we get values of W10 and W20 as
W10 = 50000 − 9683.38I and W20 = 50000 + 9683.38I. (19)
Then we try to view the variation of W1 in Fig.(2) and W2 in Fig.(3) with time and also we determine
trajectory configuration in the W1 −W2 phase plane as shown in Fig.(4). From Fig.(4), it is very clear
that particle motion in the ξZ -plane is of center type. One may also determine the critical points for ξz
using Eqs.(11) and (12) and these equilibrium points are z1 = 0 and z2 = −(a3 + a5)/a4 = 18070.9 for
φ? → 0.

























Now, let us consider Eqs.(7) and (8) and write in the first order forms as:
x1 = ξx, x2 = x˙1 = ξ˙x, (21)
y1 = ξy, y2 = y˙1 = ξ˙y, (22)
x˙2 = −2y2 + 3x1 + (a2 − a3)KX + a1KXξz(T ), (23)
y˙2 = 2x2 + (a2 − a3)KY + a1KY ξz(T ). (24)
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Now, one may study the critical points for this system. One set may be given by x2 = 0 and y2 = 0 by
setting x˙1 = 0 and y˙1 = 0, while for the other set, one get x˙2 = 0 giving x1 = −(a2 − a3)KX/3 −
a1KXξz(T )/3 while there is no solution for y1. This means, for this particular value of x1, critical
condition is obtained for any value of y1. If one likes to study the eigenvalues for the system described
in the Eqs.(23) and (24), then eigenvalues are determined as i, −i, 0, 0. These clearly indicates the
configuration should be center-manifold-like.
So how can one determine the damping. One may calculate the damping by determination of energy
at each instant. Let E(r1) is the energy at the distance r1 from the origin and E(r2) be the energy at the
distance at r2 which farther from r1 along the propagation of the bending wave, such that r2 = r1 − δr
as the Mimas 5 : 3 bending wave is moving inwards. One may write the energy book-keeping as
E(r2) = E(r1)− E˙(r1)
cg(r1)
δr, (25)






and the rate of dissipation of the wave is obtained from
E˙(r1) = νk(r1) < S >
2, (27)












where the average was taken over all values of φ?.
The instantaneous kinematic viscosity νk(r) is





Here R is the size of the largest particle and Repi is the amplitude of the epicyclic motion which is similar
to the half thickness of the ring itself i.e. h. The group velocity cg is given by Shu et al (1983) as
cg(r) = − piGσ
ω(r)−mΩ(r) , (30)
where, ω(r) = ΩP − Ω(r), ΩP = −2pi/TMimas is the pattern frequency same as angular velocity of
Mimas while for Mimas 5 : 3 resonance M = 4 has been chosen.
We repeat the above procedure till the energy density of the bending wave vanishes. The traversed
length gives the damping length of the observed bending wave. Those parameters which give the results
similar to the observed damping length and wavelengths could be thought of as the actual parameters of
the disk.
Next, we try to determine the expression of coefficient of restitution during collision between parti-
cles from this property of damping. The loss of energy density dampens the wave and hence increases
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σ H λ Energy Density < SHEAR > Wave Number 2
c
τ
17.00 10.0 121.6161 0.623 × 102 0.26707 × 106 44 0.694 1.10
17.00 10.0 124.5930 0.597 × 102 0.21352 × 106 46 0.821 1.20
17.00 10.0 148.2833 0.439 × 102 0.47985 × 106 63 0.322 1.60
15.00 15.0 121.2342 0.500 × 102 0.20583 × 106 49 0.834 1.20
13.00 25.0 121.7008 0.352 × 102 0.52751 × 107 57 0.993 1.80
49.00 25.0 148.2120 0.426 × 102 0.56075 × 106 22 0.129 1.70
49.00 25.0 155.9412 0.387 × 102 0.56028 × 106 24 0.179 1.80
49.00 25.0 166.4279 0.342 × 102 0.54727 × 106 27 0.258 1.90
49.00 25.0 182.5720 0.287 × 102 0.46820 × 106 33 0.485 2.00
15.00 30.0 152.8563 0.263 × 102 0.78825 × 107 76 0.983 1.70
35.00 30.0 128.8058 0.360 × 102 0.39611 × 106 24 0.328 1.10
35.00 30.0 157.5030 0.250 × 102 0.39003 × 106 35 0.403 1.20
17.00 35.0 123.2729 0.424 × 102 0.49216 × 108 45 0.100 1.60
17.00 35.0 143.0069 0.328 × 102 0.17124 × 107 59 0.999 1.70
19.00 40.0 122.5171 0.471 × 102 0.14713 × 106 40 0.936 1.60
19.00 40.0 131.4172 0.417 × 102 0.22264 × 106 45 0.863 1.70
19.00 40.0 153.4108 0.318 × 102 0.14131 × 106 61 0.948 1.80
25.00 55.0 123.1891 0.598 × 102 0.20258 × 106 31 0.879 1.60
25.00 55.0 125.6816 0.578 × 102 0.16144 × 106 32 0.928 1.70
25.00 55.0 128.5502 0.555 × 102 0.19125 × 106 33 0.904 1.80
25.00 55.0 131.9447 0.531 × 102 0.54783 × 107 35 0.993 1.90
25.00 55.0 136.0615 0.503 × 102 0.12427 × 106 37 0.964 2.00
27.00 60.0 140.6089 0.510 × 102 0.10600 × 106 36 0.976 2.20
27.00 60.0 145.1401 0.482 × 102 0.72273 × 107 38 0.989 2.30
33.00 60.0 144.8856 0.124 × 102 0.72201 × 107 31 0.992 3.00
29.00 65.0 144.0587 0.522 × 102 0.16586 × 106 35 0.946 2.40
29.00 65.0 158.2227 0.442 × 102 0.12980 × 106 42 0.971 2.70
47.00 85.0 143.5825 0.280 × 102 0.17629 × 106 22 0.837 0.90
49.00 90.0 147.1983 0.223 × 102 0.89732 × 107 22 0.975 1.50
51.00 120.0 159.2968 0.249 × 102 0.73089 × 107 24 0.991 2.90
51.00 240.0 172.6431 0.289 × 102 0.74254 × 107 28 0.914 0.30
45.00 380.0 139.6722 0.187 × 102 0.43540 × 107 21 0.911 0.10
Table 1: The numerical result showing damping length (λ) in km, energy density, shear, number of wave
oscillations just before damping, coefficient of restitution, optical depth (τ ) for different values of surface
mass density (σ) and ring half height (H). Here all parameters are measured in CGS units.
the random motion of the particle and randomizes. The increase in energy due to randomization and
the decrease of damping wave must be equated to keep the total energy constant which provides the
information of the coefficient of restitution as
2c = 1−




Now, we change the free parameters h and σ to get different physical quantities like shear, damping
length (λ), wave number for damping and optical depth (τ ). Now one important point to note is that
most calculations such as those of Gresh et al (1986) consider τ = 0.69 while there is no direct evidence
for this value; this value gives them some non-realistic results such as insufficient time needed to damp
within the observed damping length.
We compute various parameters as shown in the Table 1. Then we find the particular parameters
for which λ approximates to realistic values about 150 km for some realistic value of number of waves
generated before damping to be about more than 30. This cane be determined after drawing of perfect
wave profile. The bold faced lines are those parameters which meet our criteria. Now, in all cases one can
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find that coefficient of restitution c seems to be more than 0.9 except in a single case where c becomes
about 0.635 showing the possibility of semi-elastic collision. In all those cases, the optical depth comes
out to be between 1.2 to 2.3.
4 Conclusion
In this analysis, we solely depend on the amplitude and wavelength at the launching site using the data
taken by the Voyager spacecraft. Those parameters were determined by thin ring assumption while we
try to develop the theory for finite thickness. Hence there is a finite probability that those parameters may
greatly vary if the finite thickness effect is incorporated. Further, we did not explicitly include dissipation
in our analysis. Our analysis is done in two steps: we compute the shear between the initial resonant
point (point A) with some initial energy density as the wave is launched and at a different point (point
B) away from point A on the path of propagation of the wave, assuming no dissipation. Then we use
this shear to compute the dissipation a posteriori at the point B. We did not include the effects of finite
particle size, collisional break-ups, particle spin etc.
Another point to discuss in this regard is the expression for shear. During the excursion of the particle
in epicyclic orbits as well as in vertical motion inside the ring, the particle is expected to collide with a
neighboring particle at least once in each orbit. This mechanism helps to transfer the vertical component
of momentum. Shu (1984) also pointed out the necessity of anomalous viscosity. However, since the
system is not a highly collisional one, the coefficient of viscosity need not be isotropic, thus it is likely
to be larger for vertical excursion (due to collision among disk particles inside the ring of few meters in
height) than for radial excursion. For an isotropically collisional system, the excursion in all directions
is likely to be statistically identical. For simplicity, we assumed that the excursions in the vertical and
horizontal directions are similar and the epicyclic radius is of the order of the half-height of the ring.
Thus the mean free distance in both the vertical and the horizontal distance is either the epicyclic radius
or the size of the particle - whichever is bigger. However, in case of the E and F rings the situation can
change for vertical excursions.
We predict here some range over the ring thickness and surface mass density including the coefficient
of restitution. It is expected that estimated values of ring height (2h) must lie within a range of 60 to 120
cm while the surface mass density (σ) must lie within range of 15 to 35 gm-cm2. This parameters can be
checked by the Cassini data which is now orbiting the Saturn.
In future, we shall model the physics of break-up and merger of particles in the ring and other
associated effects.
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